Witnessing entanglement in hybrid systems by Borrelli, Massimo et al.
Witnessing entanglement in hybrid systems
Massimo Borrelli1, Matteo Rossi2, Chiara Macchiavello2, and Sabrina Maniscalco1,3
1 CM-DTC, School of Engineering & Physical Sciences,
Heriot-Watt University, Edinburgh EH14 4AS, United Kingdom
2 Dipartimento di Fisica and INFN-Sezione di Pavia,
Via Bassi 6, 27100 Pavia, Italy
3 Turku Centre for Quantum Physics,
Department of Physics and Astronomy,
University of Turku, FI-20014 Turun yliopisto, Finland
We extend the definition of entanglement witnesses based on structure factors to the case in which the po-
sition of the scatterers is quantized. This allows us to study entanglement detection in hybrid systems. We
provide several examples that show how these extra degrees of freedom affect the detection of entanglement
by directly contributing to the measurement statistics. We specialize the proposed witness operators for a chain
of trapped ions. Within this framework, we show how the collective vibronic state of the chain can act as an
undesired quantum environment and how ions quantum motion can affect the entanglement detection. Finally,
we investigate some specific cases where the method proposed leads to detection of hybrid entanglement.
PACS numbers: 03.65.Yz, 03.67.Lx, 32.80.Qk, 37.10.Ty
I. INTRODUCTION
Entanglement is a fundamental feature of quantum compos-
ite systems that has no counterpart in classical physics [1]. It
is usually regarded as a purely quantum resource, as it is at
the basis of several quantum information protocols [2]. It is
thus of great importance to reveal the presence of entangle-
ment in an experimental set-up, as it would serve as a strong
proof of its usefulness in the realization of specific quantum
protocols. To this end, the concept of entanglement witness-
ing was formulated [3] and proved to be an efficient tool both
theoretically [4] and experimentally [5]. The great advantage
to reveal an entangled state via witness operators is that they
require fewer experimental resources, such as local measure-
ments, than quantum state tomography .
A method to detect multipartite entanglement by means of
structure factors was recently proposed [6] and successfully
tested in a quantum optical experiment [7]. The method was
later applied to detect entanglement in a spin chain using pho-
ton scattering [8]. Related work in condensed matter systems
was reported in [9]. In this paper we further investigate the
properties of the entanglement witnesses defined in [6] by re-
moving the constraint of having classically localized particles.
This kind of scenario can be easily implemented in ion traps,
where the ions can be cooled down so that the quantum nature
of their harmonic motion emerges. Both the vibrational and
the electronic degrees of freedoms of these systems can be
very precisely manipulated by means of laser beams, and en-
tangled states of the internal (spin), external (phonons), and
hybrid spin-phonons degrees of freedom have been experi-
mentally realized. [10, 11]. In this paper we investigate two
related scenarios. In the first scenario we focus, as in Refs.
[6–9], on spin entanglement witnesses and we ask ourselves
if and how the presence of other quantum degrees of freedom
(the vibrational quanta in the trapped ion case) affects the de-
tection of entanglement between spins. In the second scenario
we identify some cases for which the generalised witnesses
here introduced allow to detect hybrid entanglement. This
second question is of particular interest because, to the best of
our knowledge, hybrid entanglement witnesses have not yet
been considered in the literature. When one of the system to
be entangled is, e.g., a quantum harmonic oscillator, however,
revealing entanglement via state tomography of the total spin-
harmonic oscillator system is extremely complicated because
the Hilbert space of the total system is unbounded. Hence en-
tanglement witnesses are particularly important in this case.
The paper is organized as follows. In Sec. II we recall the
idea of entanglement witness based on structure factors and
generalize it to include quantized spatial coordinates. In Sec.
III we present some simple examples to illustrate the behavior
of the generalized witness. We then specify our analysis to
linear chains of trapped ions in Sec. IV, where we discuss how
the collective vibrational state of the ions can influence the
spin-spin entanglement detection. In Sec. V we show how the
witness we introduce is able to detect hybrid entanglement,
and we summarise the main results in Sec. VI.
II. THE EXTENDED ENTANGLEMENTWITNESS
An entanglement witness is defined as an Hermitian opera-
tor W that detects an entangled state ρ if it has a negative ex-
pectation value for this state, Tr[Wρ] < 0, while Tr[Wσ] ≥ 0
for all separable states σ [3]. In this paper we will follow the
construction proposed in Ref. [6], where a class of entangle-
ment witnesses was introduced based on two-point spin cor-
relation functions. These functions also define the so-called
structure factors of an ensemble of N particles via the expec-
tation value of the following operator
Sαβ(q) =
∑
i<j
eiq(rj−ri)Sαi S
β
j , (1)
where Sαi is the α component of the i
th particle spin operator
and ri its position, which is assumed to be fixed and therefore
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2perfectly known. If we focus on the case of spin 12 particles,
where Sα corresponds to the Pauli operator σα, the witness
operator for a general N -spin system is then defined as fol-
lows
W (q) = 1−Σ(q), (2)
where 1 is the identity operator and
Σ(q) =
1
2
[Σ¯(q) + Σ¯(−q)], (3)
with
Σ¯(q) =
1
B(N, 2)
[cxS
xx(q) + cyS
yy(q) + czS
zz(q)]. (4)
Here B(N, 2) is the standard binomial factor and cα ∈
R, |cα| ≤ 1 for α = x, y, z. Hence, by means of scattering
measurements, it is possible to detect (multipartite) entangled
states of many-particle systems.
It is worth stressing that in Eq. (2) one assumes completely
deterministic knowledge of the scatterer’s positions. For each
constituent the motional degree of freedom is treated as a clas-
sical variable and, as such, it does not affect the measurement
statistics. However, in some systems, such as ion traps, entan-
glement between the fictitious spin 12 of each ion and the col-
lective vibronic state can be routinely generated [12]. Hence,
in the following we assume the positions of the scatterers to be
operators instead of classical variables. In order to generalize
the entanglement witness of Eq. (2) to the case in which the
positions of the scatterers are quantized, let us write the spin
density operator Sα(x) along the direction α of a N -particle
system as [13]
Sα(x) =
N∑
j=1
Sαj ⊗ δ(x− xˆj). (5)
In Eq. (5) the Dirac δ(·) is meant to be an operator in the x-
representation , and xˆj is the position operator of the jth ion.
(for the sake of simplicity we consider the 1-d case here). It is
then possible to consider the following quantity by a suitable
Fourier transform:
Sα(q)Sβ(−q)
=
∫
dx1dx2e
iq(x1−x2)Sα(x1)Sβ(x2)
=
∑
i<j
∫
dx1dx2e
iq(x1−x2)δ1(x1 − xˆi)δ1(x2 − xˆj)Sαi Sβj
=
∑
i<j
Sαi S
β
j e
iq(xˆi−xˆj). (6)
As it is clear from the previous steps, this formula defines the
structure factor Sαβ(q) of Eq. (1), with the crucial difference
that now the positions are regarded as intrinsically quantum.
The generalized entanglement witness W (q) is defined in the
same way as in Eqs. (2)-(4), but it is now a function of both
spin and position operators since each term Sαβ(q) is now
given by
Sαβ(q) =
∑
i<j
Sαi S
β
j e
iq(xˆi−xˆj). (7)
It is straightforward to show that this new definition still meets
the criteria for an entanglement witness [6]. Actually, for any
state of the composite system spin-position of the form σN ⊗
ρ, being σN = σ1 ⊗ σ2 ⊗ · · · ⊗ σN and ρ the spatial state of
the system, we can see that∣∣〈Σ(q)〉σN⊗ρ∣∣
=
1
B(N, 2)
∣∣∣∑
i<j
( ∑
α=x,y,z
cα〈Sαi Sαj 〉σN
)
〈cos[q(xˆi − xˆj)]〉ρ
∣∣∣
≤ 1
B(N, 2)
∑
i<j
∣∣∣ ∑
α=x,y,z
cα〈Sαi Sαj 〉σN
∣∣∣ ≤ 1 (8)
The first inequality above comes from the fact that, when-
ever we deal with a composite state of the form σN ⊗ ρ, the
bound |〈cos[q(xˆi − xˆj)]〉ρ| ≤ 1 holds for any ρ. Hence, the
considered witness turns out to rule out states of the form
σ1 ⊗ σ2 ⊗ · · · ⊗ σN ⊗ ρ, namely, states fully separable in
the spin and biseparable with respect to the cut spin-position.
As consequence, it follows that such a witness can detect not
only entanglement among spins, but also multipartite entan-
glement in the composite spin-position system. In particular,
it is worth stressing that the above witness can in principle
detect “hybrid entanglement”, namely entanglement between
degrees of freedom of different nature, such as spins versus
positions. In the following we will provide some examples of
hybrid entanglement detection.
We conclude this section with a recap. In a scattering exper-
iment measurements are repeated many times and during the
exposure time the particle positions are generally not fixed.
The scattering intensity that is experimentally accessible is
then an average over all the recorded outcomes: it can be a
time average or, in most cases, an ensemble average. For a
sufficiently large number of runs, this average will converge
to quantum expectation values where all the relevant quantum
degrees of freedom can contribute to the statistics. Hence, if
we consider the entanglement witness in Eq. (2), it is clear
that whenever the scatterer’s positions are to be treated quan-
tum mechanically, as in the case of cold trapped ions, they will
unavoidably affect the measurement statistics.
III. SPINS IN A HARMONIC POTENTIAL
Let us begin by considering a simple system consisting of
two spin-frac12 particles trapped in a double-well harmonic
potential with minima centered in xA, xB . Each particle is
described by a state of the form | ↑〉|fA〉, where the first ket
refers to the spin state (in this case e.g. the state | ↑〉 = σz| ↑〉)
and the second encapsulates the energy contribution. For the
sake of simplicity, the latter will be represented by the ground
state of each harmonic oscillator, that is a Gaussian wavefunc-
tion centered in xA(B). We now aim at studying both how
3the extra continuous degrees of freedom affect the detection
of the qubit-qubit entanglement, and whether the generalized
witness can detect hybrid entanglement, i.e. entanglement be-
tween spins and quantum harmonic oscillators. In order to do
so, let us consider the following states:
|ψ1〉 = 1√
2
(| ↑, ↓〉 − | ↓, ↑〉),
|ψ2〉 = 1√
2
(| ↑, ↓〉 − | ↓, ↑〉)⊗ |fA, fB〉,
|ψ3〉 = 1√
2
(| ↑, ↓, fA, fB〉 − | ↓, ↑, fB , fA〉),
(9)
where |fJ〉 =
√
fJ(x)|x〉 with fJ(x) =
e−(x−xJ )
2/2σ2/
√
2piσ2, and J = A,B. The above states
are representative of several situations we can encounter. In
state |ψ1〉 the particles are classically localized at a distance
xA − xB ≡ r. Thus, it will serve as a reference state for
a comparison with states |ψ2〉 and |ψ3〉. For state |ψ2〉 the
spatial part of the wavefunction is separable from the spin
state, and thus we expect just a modulation of the expectation
value of the witness. Finally, for state |ψ3〉 all the degrees of
freedom are involved in a non-trivial way. The expectation
values of Eq. (2) in the three exemplary states of Eq. (9) are
〈W 〉1 = 1 + (cx + cy + cz) cosx,
〈W 〉2 = 1 + e−
x2
y2 (cx + cy + cz) cosx,
〈W 〉3 = 1 + e−
x2
y2
[
(cx + cy)e−
y2
4 + cz cosx
]
,
(10)
where x ≡ qr is the rescaled scattered momentum and y ≡
r/σ quantifies the spatial overlap between the states |fA〉 and
|fB〉. Notice that the optimal parameter choice to minimize
the witness operator is cx = cy = cz = −1 for all the
states of Eq. (9). Fig. 1 (top) shows 〈W 〉 as a function of
the rescaled scattered momenutm x for the three states above
and for y = 1.2. Notice that with this choice of y there is a
significant overlap between the two Gaussians and so the two
particle’s average positions cannot be clearly identified. The
dashed black curve represents the expectation value 〈W 〉1,
which is negative whenever −1 ≤ x ≤ 1. The red line rep-
resents 〈W 〉2 whereas the blue line corresponds to 〈W 〉3. We
can clearly see that in all the three cases some entanglement
is present in the system as the witness takes negative values.
This can be either entanglement between the two qubits or
hybrid entanglement. In particular, the red curve is signifi-
cantly more negative than the blue one. The quantum nature of
particle positions results in smearing out the reference black
curve, making spin-spin entanglement detection harder. For
state |ψ3〉 the entanglement is distributed among all the differ-
ent degrees of freedom and the witness 〈W 〉3 shows a regime
of negativity.
In order to further study the behaviour of 〈W 〉3 we consider
the two extreme cases y  1 and y  1. Whenever y  1
holds, then the state |ψ3〉 approaches |ψ2〉with |〈fA|fB〉| ≈ 1,
and thus the blue curve almost overlaps with the red one. On
the other side, as soon as y  1, the red curve will converge
to the dashed black one, while the blue curve will get positive
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FIG. 1. (Color online) Top panel: Expectation value of W as a func-
tion of x for y = 1.2. Legend: 〈W 〉1 dashed black, 〈W 〉2 red, 〈W 〉3
blue. Bottom panel: limit y  1.
for any value of x, preventing any entanglement detection (see
Fig. 1 (bottom)). Notice that the two-qubit reduced state of
|ψ3〉, i.e.
σ =
1
2
(| ↑, ↓〉〈↑, ↓ |+ | ↓, ↑〉〈↓, ↑ |) (11)
− e
− y24
2
(| ↑, ↓〉〈↓, ↑ |+ | ↓, ↑〉〈↑, ↓ |).
is entangled (even though the amount of entanglement would
decrease exponentially in y). Therefore in this case W fails to
reveal both the entanglement between the two qubits and hy-
brid entanglement (being the state |ψ3〉 GHZ-like in the limit
|〈fA|fB〉| ≈ 0).
IV. ENTANGLEMENTWITNESSING IN TRAPPED-ION
SYSTEMS
In this section we will derive the specific form of the gener-
alized witness W of Eq. (2), defined via Eq. (7), for trapped-
ion systems. This is of great interest for basic studies of entan-
glement since it can be implemented with trapped-ion strings
as well as Wigner crystals [14]. For the sake of simplicity, we
4will restrict our attention to a one-dimensional system. Nev-
ertheless this approach can be easily generalized to three di-
mensions. Let us thus imagine that we have a string of N
ions of mass m, harmonically confined in a Paul trap and in-
teracting via Coulomb repulsion. In this stable spatial config-
uration the ions fluctuate around their equilibrium positions.
We assume the ion-ion equilibrium distance to be constant,
namely a. This corresponds to considering the central seg-
ment of a linear Coulomb crystal [15]. For sufficiently low
temperature, such a system can be approximated by a chain of
interacting quantum harmonic oscillators whose equilibrium
positions can be analytically (N ≤ 3) and numerically com-
puted (N > 3) [16]. Furthermore, we can map this interacting
system into a non-interacting one by standard normal-mode
transformation. If xˆn is the position operator of the n-th par-
ticle, we assume that
xˆn ≈ an+ δˆxn, (12)
where an is the equilibrium position of the n-th particle. The
fluctuation operator for each ion can be expanded in terms of
the ladder operators of the normal modes of the chain [17]
δˆxn =
∑
k>0
∑
µ=±
√
~
Nmωk
R(n,k,µ)(aˆk,µ + aˆ
†
k,µ) (13)
where aˆk,µ (aˆ
†
k,µ) is the annihilation (creation) for the k-th
normal-mode with parity µ = ± at frequency ωk and the
real coefficientsR(n,k,µ) are the elements of the normal-mode
transformation matrix. If we plug Eq. (13) into (12) and ex-
pand the exponential factor in Eq. (7) we obtain the following
result
exp [iq (xˆn − xˆm)] = eiq′(n−m)
⊗
k,µ
D
[
iq′φ(k,µ)(n,m)
]
≡ eiq′(n−m)D[iq′~φ(n,m)] (14)
where D[α] = exp[αaˆ† − α∗aˆ] is the displacement operator,
q′ = qa, and we have defined
φ(k,µ)(n,m) ≡
√
~
Nmωk
(R(n,k,µ) −R(m,k,µ)) (15)
and
⊗
k,µD[iq
′φ(k,µ)(n,m)] ≡ D[iq′~φ(n,m)]. Thus, we
can re express the structure factor in Eq. (7) as follows
Sαβ(q′) =
∑
n<m
SαnS
β
me
iq′(n−m)D[iq′~φ(n,m)], (16)
and the witness is then given by
WBC(q
′) = 1−1
2
[ΣBC(q
′) + ΣBC(−q′)], (17)
where
ΣBC(q
′) = 1− 1
B(N, 2)
∑
n<m
∑
α=x,y,z
cασ
α
nσ
α
m (18)
× eiq′(n−m)D[iq′~φ(n,m)].
Whenever the state of the composite system is σ ⊗ ρ, with σ
and ρ being the states of the internal degrees of freedom of the
ion chain and the external (vibrational) deegres of freedom,
respectively, the expectation value of the witness (17) reads as
follows
〈WBC(q′)〉 = 1− 1
B(N, 2)
∑
n<m
∑
α=x,y,z
cα〈σαnσαm〉σ (19)
×Re{eiq′(n−m)〈D[iq′~φ(n,m)]〉ρ}.
Therefore, in this case we can, in principle, relate the expec-
tation value of the entanglement witness to the characteristic
function of the vibrational state, CW(α) = 〈D(α)〉ρ. The
quantity Re{. . . } appearing in Eq. (19) can be recast as
Re{. . . } = cos[q′(n−m)]Re{CW(iq′~φ(n,m))} (20)
− sin[q′(n−m)]Im{CW(iq′~φ(n,m))}.
Recall that the characteristic function CW(α) is related to the
Wigner representationW(α) via the inverse Fourier transform
[18]. As a straightforward consequence we see that, whenever
the collective state of the spins and modes is factorized, the
witness WBC is just modulated according to the characteris-
tic function of the phononic bath, as sampled in some specific
points of the phase space. Hence, in this scenario the vibra-
tional degrees of freedom simply act as non-classical noise af-
fecting the scattering readout and the spin-spin entanglement
detection. As a very simple but meaningful example, let us
consider the situation where we deal with two particles and a
single-mode bath. Then, if we assume the composite system
to be in the state
ρ =
1
2
(| ↑, ↓〉+ | ↓, ↑〉)(〈↑, ↓ |+ 〈↓, ↑ |)⊗ ρpi/a,T , (21)
where ρpi/a,T is a thermal state at temperature T for the mode
at k = pi/a. It is possible to study the limit to the entan-
glement detection caused by the temperature of the system
or, equivalently, by the fact that the first collective vibrational
mode of the chain is in a thermal state. In fact, the expectation
value of WBC(q′) turns out to be
〈WBC(q′)〉 = 1− e− 12 q′2η2 coth ∆2 (cx+ cy− cz) cos q′, (22)
where η = a−1/4
√
~/Q
√
8m with Q being the atom’s elec-
tric charge, ∆ = ~ωpi/a/kBT , and ωpi/a is the frequency of
the k = pi/a mode. The expectation value of the witness
in this case is shown in Fig. 2 as a function of the rescaled
momentum q′ for different values of the energy-temperature
ratio. In this plot the values of the parameters are the same
as in the experiment reported in [19, 20], corresponding to
a ≈ 33µm for 24Mg+ atoms. Fig. 2 clearly shows that in-
creasing the temperature will result in drastically limiting the
entanglement detection of the spin state as the range of q′ mo-
mentum corresponding to 〈WBC(q′)〉 < 0 shrinks.
V. DETECTION OF HYBRID ENTANGLEMENT
In this section we shall study the behaviour of the witness
WBC for some relevant quantum states that can be generated
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FIG. 2. (Color online) Expectation value of WBC as a function of
q′ for η = 1 and ∆ = 100, 1, 0.01 (dashed black, red, blue, respec-
tively).
in trapped-ion systems via a series of suitable laser pulses
[12, 21]. For the sake of simplicity, we shall restrict our anal-
ysis to a system consisting of two ions whose internal degrees
of freedom are coupled to the collective vibrational mode. We
will show that even in such a simple system hybrid entangle-
ment can be detected for some specific states, at least in prin-
ciple. We denote by |n〉 the Fock state with n excitations of
the k = pi/a vibrational mode. Let us thus consider the fol-
lowing states of the composite system
|φ1〉 = 1√
2
(| ↑, ↓, α〉+ | ↓, ↑,−α〉),
|φ2〉 = 1√
2
(| ↑, ↓, 0〉+ | ↓, ↑, 1〉), (23)
φ3 = p|Ψ+〉〈Ψ+| ⊗ |0〉〈0|+ (1− p)| ↓, ↓〉〈↓, ↓ | ⊗ |1〉〈1|,
where |Ψ+〉 = 1√
2
(| ↑, ↓〉 + | ↓, ↑〉), and |α〉 is the coher-
ent state of the mode, i.e. |α〉 = e−|α|2/2∑n αn√n! |n〉. The
first two represent a superposition of states in all the degrees
of freedom, while the last state usually results when the ex-
citation, at the beginning present in the spin system, sponta-
neously decoheres to the bath. With the help of Eq. (17), it is
not difficult to see that
〈WBC〉1 = 1+e− 12 q′2η2
[
cz cos[2q
′ηαRe]
− (cx + cy)e−2|α|2−2q′ηαIm
]
cos q′,
〈WBC〉2 = 1+1
2
e−
1
2 q
′2η2[cz(2− q′2η2) cos q′
− 2(cx + cy)q′η sin q′
]
, (24)
〈WBC〉3 = 1+e− 12 q′2η2
[
cz(p(2− q′2η2) + q′2η2 − 1)
− p(cx + cy)
]
cos q′,
where α = αRe + iαIm and η = a−1/4
√
~/Q
√
8m, as in the
previous section. Notice that, since these states are never fac-
torized with respect to different degrees of freedom, then for-
mula (19) cannot be applied here. Furthermore, the optimal
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FIG. 3. (Color online) Expectation value of WBC in terms of q′ for
the states in Eq. (23): 〈WBC〉1 (with α = 0) dashed black, 〈WBC〉1
(with α = 1) blue , 〈WBC〉2 red, 〈WBC〉3 green.
parameters are still cx = cy = 1 and cz = −1. The expec-
tation values are showed in Fig. 3 as functions of the reduced
wave-vector q′, with the same choice of parameters as in Refs.
[19, 20], reported in the previous section. The dashed black
line represents 〈WBC〉1, i.e. the expectation value ofWBC on
the state |φ1〉 with α = 0. The state turns out to be separable
with respect to different degrees of freedom, i.e., no hybrid en-
tanglement is present, and the presence of the extra mode re-
sults in a modulation of the expectation value according to the
characteristic function of the Fock state |0〉. The expectation
value 〈WBC〉1 for α = 1 is instead depicted by the blue line.
As it is clear from the plot, entanglement is still detected, even
if for a smaller range of values of q′. Notice that the blue curve
approaches the dashed black one whenever |α|  1. Fur-
ther numerical studies show that the entanglement detection
is no longer guaranteed for values of |α| slightly larger than
1. It is worth stressing that |α| plays here exactly the same
role as the parameter y played in the context of the Gaussian
delocalization. Hence, the comments we made for the state
|ψ3〉 of Eq. (9) still hold here. The main feature displayed in
Fig. 3 is nevertheless the unexpected behavior of the witness
WBC for the state |φ2〉. In this case two minima are symmetri-
cally located with respect to q′ = 0 which, instead, appears to
be the optimal scattering wave-vector for all the other states.
It is worth stressing that, in this case, while the state of the
total hybrid system is entangled (as shown by the witness),
the reduced spin state is clearly separable. This indicates that
witness does capture hybrid entanglement between the spins
and the oscillatory mode. This instance definitely shows the
hybrid-entanglement detection by the use of a witness with
extra quantum degrees of freedom, such as e.g. an external
bosonic mode. Last but not least, the noisy state φ3, mod-
elling the situation where the single excitation of the spins is
lost into the oscillatory mode, is detected as far as p is close
enough to 1. In fact, for q′ = 0 the noise threshold in order to
have entanglement detection is p ≥ 1/2.
6VI. CONCLUSIONS
In this work we have generalized the class of entanglement
witnesses based on structure factor to the case of hybrid sys-
tems possessing both discrete and continuous variable degrees
of freedom. More precisely we have looked at the situation
in which the position of the scatterers is quantized. Our ap-
proach is not only a generalization to the full quantum case,
but it also allows to deal with the delicate and important issue
of entanglement detection in hybrid systems.
To illustrate our results we have considered a simple model
where two particles were equipped with a spatially delocal-
ized state and showed how this extra degree of freedom indeed
affects the entanglement detection. Then we have explicitly
developed the form of the witness operator for the case of a
chain of trapped ions. Within this framework, we have first
studied a connection between the expectation value of the wit-
ness operator and the characteristic function of the vibrational
state, showing how such a connection affects the spin-spin en-
tanglement detection. Moreover, we have further pointed out
some instances where we could also detect some hybrid en-
tanglement, that is entanglement between different degrees of
freedom, such as spins and bosonic modes.
The theoretical results presented here can be applied to an
experimental set-up by following the method proposed in Ref.
[8], or in an experimental implementation such as the one con-
sidered in [22].
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